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Abstract
Let D = (G,O, w) be a weighted oriented graph whose edge ideal is I(D). In this
paper, we characterize the unmixed property of I(D) for each one of the following
cases: G is an SCQ graph; G is a chordal graph; G is a simplicial graph; G is a
perfect graph; G has no 4- or 5-cycles; G is a graph without 3- and 5-cycles; and
girth(G) > 5.
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1 Introduction
A weighted oriented graph D is a triplet (G,O, w), whereG is a simple graph whose vertex
set is V (G); O is an edge orientation of G (an assignment of a direction to each edge of
G); and w is a function w : V (G)→ N. In this case, G is called the underlying graph of
D. The vertex set of D is V (D) := V (G), the edge set of D, denoted by E(D), is the set
of oriented edges of the oriented graph (G,O). The weight of x ∈ V (D) is w(x) and we
denote the set {x ∈ V (D) | w(x) > 1} by V +. If R = K[x1, . . . , xn] is a polynomial ring
over a field K, then the edge ideal of D is I(D) = (xix
w(xj)
j | (xi, xj) ∈ E(D)) where
V (D) = {x1, . . . , xn}. These ideals (introduced in [10]) generalize the usual edge ideals
of graphs (see [14]), since if w(x) = 1 for each x ∈ V (D), then I(D) is the edge ideal of
G, i.e. I(D) = I(G). An interest in I(D) comes from coding theory in some studies of
Reed–Muller typed codes, (see [1, 9]). Furthermore, some algebraic and combinatorial
invariants and properties of I(D) have been studied in some papers [7, 8, 10, 11, 15]. In
particular, in [10] is given a characterization of the irredundant irreducible decomposition
of I(D). This characterization permits studying when I(D) is unmixed, using the strong
vertex covers (Definition 2.10 and Theorem 2.12). The unmixed property of I(D) have
been studied when G is one of the following graphs: cycles in [10]; graphs with whiskers
in [7, 10]; bipartite graphs in [8, 10]; graphs without 3- 5- and 7-cycles and Ko¨nig graphs
in [11].
In this paper, we study the unmixed property of I(D) for some families of weighted
oriented graphs. In Section 2, we give the known results and definitions that we will
use in the following sections. In Section 3 (in Theorem 3.10), we characterize when a
subset of V (D) is contained in a strong vertex cover. Using this result, we characterize
the unmixed property of I(D), when G is a perfect graph (see Theorem 3.11). In Section
4 (in Theorem 4.8), we characterize the unmixed property of I(D) when G is an SCQ
graph (see Definition 2.27). These graphs generalize the graph defined in [13] and in the
context of this paper, they are important because if G is well–covered such that G is
simplicial, G is chordal or G has no some small cycles, then G is an SCQ graph (see
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Remark 2.29 and Theorem 2.30). In [3], using the SCQ graphs the authors characterize
the vertex decomposable property of G when each 5-cycle of G has at least 4 chords.
Also, in Section 4, we characterize the unmixed property of I(D) when G is Ko¨ning, G is
simplicial or G is chordal (see Corollaries 4.2 and 4.9). In Section 5, we characterize the
unmixed property of I(D), when G has no 3- or 5-cycles; or G has no 4- or 5-cycles; or G
has girth greater than 4 (see Theorems 5.4, 5.10 and 5.13). Finally, in Section 6, we give
some examples. Our results generalize the results about the unmixed property of I(D)
given in [7, 8, 10, 11], since if G is well-covered and G is one of the following graphs:
cycles, graphs with whiskers, bipartite graphs, Ko¨ning graphs, or graphs without 3-, 5-
and 7-cycles, then G is an SCQ graph.
2 Preliminaries
In this Section, we give some definitions and well-known results that we will use in
the following sections. Let D = (G,O, w) be a weighted oriented graph, recall that
V + = {x ∈ V (D) | w(x) > 1} and I(D) =
(
xix
w(xj)
j | (xi, xj) ∈ E(D)
)
.
Definition 2.1 Let x be a vertex of D, the sets
N+D (x) := {y | (x, y) ∈ E(D)} and N
−
D (x) := {y | (y, x) ∈ E(D)}
are called the out-neighbourhood and the in-neighbourhood of x, respectively. The neigh-
bourhood of x is the set ND(x) := N
+
D (x)∪N
−
D (x). Furthermore, ND[x] := ND(x)∪{x}.
Also, if A ⊆ V (D) then ND(A) := {b ∈ V (D) | b ∈ ND(a) for some a ∈ A}.
Definition 2.2 Let x be a vertex of D. If N+D(x) = ∅, then x is called a sink . On the
other hand, x is a source if N−D (x) = ∅.
Remark 2.3 Consider the weighted oriented graph D˜ = (G,O, w˜) with w˜(x) = 1 if x is
a source and w˜(x) = w(x) if x is not a source. Hence, I(D˜) = I(D). Therefore, in this
paper, we assume that if x is a source, then w(x) = 1.
Definition 2.4 The degree of x ∈ V (D) is degG(x) := |ND(x)| and NG(x) := ND(x).
Definition 2.5 A vertex cover C of D (resp. of G) is a subset of V (D) (resp. of V (G)),
such that if (x, y) ∈ E(D) (resp. {x, y} ∈ E(G)), then x ∈ C or y ∈ C. A vertex cover C
of D is minimal if each proper subset of C is not a vertex cover of D.
Remark 2.6 Let C be a vertex cover of D and e ∈ E(G). Then, C∩e 6= ∅. Furthermore,
e ∩ (C \ a) 6= ∅ if a /∈ e, b ∈ ND(a) and e = {a, b}. Hence, (C \ a) ∪ ND(a) is a vertex
cover of D.
Definition 2.7 Let C be a vertex cover of D, we define the following three sets:
• L1(C) := {x ∈ C | N
+
D (x) ∩ C
c 6= ∅} where Cc = V (D) \ C,
• L2(C) := {x ∈ C | x /∈ L1(C) and N
−
D (x) ∩ C
c 6= ∅},
• L3(C) := C \ (L1(C) ∪ L2(C)).
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Remark 2.8 If C is a vertex cover of G, x ∈ V (G)\C and y ∈ NG(x), then e := {x, y} ∈
E(G) and e ∩ C 6= ∅. So, y ∈ C, since x /∈ C. Hence, NG(x) ⊆ C.
Remark 2.9 Let C be a vertex cover of D, then x ∈ L3(C) if and only if ND[x] ⊆ C.
Hence, L3(C) = ∅ if and only if C is minimal.
Definition 2.10 A vertex cover C of D is strong if for each x ∈ L3(C) there is (y, x) ∈
E(D) such that y ∈ L2(C) ∪ L3(C) = C \ L1(C) with y ∈ V + (i.e. w(y) > 1).
Definition 2.11 An ideal I of a ring R is unmixed if each one of its associated primes
has the same height.
Theorem 2.12 [10, Theorem 31] The following conditions are equivalent:
(1) I(D) is unmixed.
(2) Each strong vertex cover of D has the same cardinality.
(3) I(G) is unmixed and L3(C) = ∅ for each strong vertex cover C of D.
Definition 2.13 The cover number ofG is τ(G) := min {|C| | C is a vertex cover of G}.
Furthermore, a τ-reduction of G is a collection of pairwise disjoint induced subgraphs
H1, . . . , Hs of G such that V (G) = ∪
s
i=1V (Hi) and τ(G) =
∑s
i=1 τ(Hi).
Remark 2.14 We have τ(G) = |C1|, for some vertex cover C1. So, C1 is minimal. Thus,
by Remark 2.9, L3(C1) = ∅. Hence, C1 is strong. Now, if I(D) is unmixed, then by (2)
in Theorem 2.12, |C| = |C1| = τ(G) for each strong vertex cover C of D.
Definition 2.15 A stable set of G is a subset of V (G) containing no edge of G. The
stable number of G, denoted by β(G), is β(G) := max {|S| | S is a stable set of G}.
Furthermore G is well–covered if |S| = β(G) for each maximal stable set S of G.
Remark 2.16 S is a stable set of G if and only if V (G) \ S is a vertex cover. Hence,
τ(G) = |V (G)| − β(G).
Remark 2.17 [11, Remark 2.12] G is well-covered if and only if I(G) is unmixed.
Definition 2.18 A collection of pairwise disjoint edges of G is called a matching. A
perfect matching is a matching whose union is V (G). On the other hand, G is a Ko¨nig
graph if τ(G) = ν(G) where ν(G) is the maximum cardinality of a matching of G.
Definition 2.19 Let e be an edge of G. If {a, a′} ∈ E(G) for each pair of edges, {a, b},
{a′, b′} ∈ E(G) and e = {b, b′}, then we say that e has the property (P). On the other
hand, we say that a matching P of G has the property (P) if each edge of P has the
property (P).
Theorem 2.20 [2, Proposition 15] If G is a Ko¨ning graph without isolated vertices, then
G is well–covered if and only if G has a perfect matching with the property (P).
Definition 2.21 P = (x1, . . . , xn) is a walk (resp. an oriented walk) if {xi, xi+1} ∈ E(G)
for i = 1, . . . , n − 1. In this case, P is a path (resp. an oriented path) if x1, . . . , xn are
different. On the other hand, a walk (resp. an oriented walk), C = (z1, z2, . . . , zn, z1) is
a n-cycle (resp. an oriented n-cycle) if (z1, . . . , zn) is a path (resp. is an oriented path).
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Definition 2.22 Let A be a subset of V (G), then the graph induced by A, denoted by
G[A], is the subgraph G1 of G with V (G1) = A and E(G1) = {e ∈ E(G) | e ⊆ A}. On
the other hand, a subgraph H of G is induced if there is B ⊆ V (G) such that H = G[B].
A cycle C of G is induced if C is an induced subgraph of G.
Definition 2.23 A weighted oriented graph D′ = (G′,O′, w′) is a weighted oriented
subgraph of D = (G,O, w), if (G′,O′) is an oriented subgraph of (G,O) and w′(x) = w(x)
for each x ∈ V (G′). Furthermore, D′ is an induced weighted oriented subgraph of D if G′
is an induced subgraph of G.
Definition 2.24 A vertex v is called simplicial if the induced subgraph H = G[NG[v]]
is a complete graph with k = |V (H)|− 1, in this case, H is called k-simplex (or simplex).
The set of simplexes of G is denoted by SG. G is a simplicial graph if every vertex of G
is a simplicial vertex of G or is adjacent to a simplicial vertex of G.
Definition 2.25 The minimum length of a cycle (contained) in a graph G, is called the
girth of G. On the other hand, G is a chordal graph if the induced cycles are 3-cycles.
Theorem 2.26 [12, Theorems 1 and 2] If G is a chordal or simplicial graph, then G is
well-covered if and only if every vertex of G belongs to exactly one simplex of G.
Definition 2.27 An induced 5-cycle C of G is called basic if C does not contain two
adjacent vertices of degree three or more in G. G is an SCQ graph (or G ∈ SCQ) if G
satisfies the following conditions:
(i) There is QG such that QG = ∅ or QG is a matching of G with the property (P).
(ii) {V (H) | H ∈ SG ∪ CG ∪QG} is a partition of V (G), where CG is the set of basic
5-cycles.
In the following three results, we use the graphs of Figure 1.
Theorem 2.28 [6, Theorem 1.1] If G is connected without 4- and 5-cycles, then G is
well-covered if and only if G ∈ {C7, T10} or {V (H) | H ∈ SG} is a partition of V (G).
Remark 2.29 Suppose G is well-covered. If G is simplicial, or G is chordal or G is
a graph without 4- and 5-cycles and G /∈ {C7, T10}. Then, by Theorems 2.26 and
2.28, {V (H) | H ∈ SG} is a partition of V (G). Therefore, G is an SCQ graph with
CG = QG = ∅.
Theorem 2.30 [5, Theorem 2 and Theorem 3] If G is a connected graph without 3-
and 4-cycles, then G is well-covered if and only if G ∈ {K1, C7, P10, P13, P14, Q13} or
{V (H) | H ∈ SG ∪ CG} is a partition of V (G).
Definition 2.31 The complement of G, denoted by G, is the graph with V (G) = V (G)
such that for each pair of different vertices x and y of D, we have that {x, y} ∈ E(G) if
and only if {x, y} /∈ E(G).
Definition 2.32 A k-colouring of G is a function c : V (G) → {1, 2, . . . , k} such that
c(u) 6= c(v) if {u, v} /∈ E(G). The smallest integer k such that G has a k-colouring
is called the chromatic number of G and it is denoted by χ(G). On the other hand,
the clique number , denoted by ω(G) is the size of the largest complete subgraph of G.
Finally, G is perfect if χ(H) = ω(H) for every induced subgraph H of G.
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Remark 2.33 Let A be a subset of V (G), then A is a stable set of G if and only if G[A]
is a complete subgraph of G. Hence, β(G) = ω(G).
Theorem 2.34 [4, Theorem 5.5.3] G is perfect if and only if G is perfect.
3 Strong vertex cover and ⋆-semi-forest
Let D = (G,O, w) be a weighted oriented graph. In this Section, we introduce the
unicycle oriented subgraphs (Definition 3.2), the root oriented trees (Definition 3.3), and
the ⋆-semi-forests of D (Definition 3.4). With this definitions, we characterize when a
subset of V (G) is contained in a strong vertex cover (see Theorem 3.10). Using this
result, we characterize when I(D) is unmixed if G is a perfect graph (see Definition 2.32
and Theorem 3.11).
Proposition 3.1 If C is a vertex cover of D such that N+D (A) ⊆ C and A ⊆ V
+, then
there is a strong vertex cover C′ of D, such that N+D (A) ⊆ C
′ ⊆ C.
Proof. First, we prove that there is a vertex cover C′ such that L3(C
′) ⊆ N+D (A) ⊆ C
′ ⊆ C.
We take L := N+D (A). If L3(C) ⊆ L, then we take C
′ = C. Now, we suppose there is
a1 ∈ L3(C) \ L, then by Remark 2.9, ND[a1] ⊆ C. Thus, C1 = C \ {a1} is a vertex
cover and L ⊆ C1, since L ⊆ C and a1 /∈ L. Now, we suppose that there are vertex
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covers C0, . . . , Ck, such that L ⊆ Ci = Ci−1 \ {ai} and ai ∈ L3(Ci−1) \ L for i = 1, . . . , k
where C0 = C and we give the following recursively process: If L3(Ck) ⊆ L, then we
take C′ = Ck. Now, if there is ak+1 ∈ L3(Ck) \ L, then by Remark 2.9, ND[ak+1] ⊆ Ck.
Consequently, Ck+1 := Ck \ {ak+1} is a vertex cover. Also, L ⊆ Ck+1, since L ⊆ Ck and
ak+1 6∈ L. This process is finite, since |V (D)| is finite. Hence, there is m such that
L3(Cm) ⊆ L ⊆ Cm ⊆ C. Therefore, we take C′ = Cm.
Now, we prove that C′ is strong. We take x ∈ L3(C′), then x ∈ L = N
+
D(A), since
L3(C′) ⊆ L. Thus, (y, x) ∈ E(D) for some y ∈ A ⊆ V +. Hence, y ∈ C′, since x ∈ L3(C′).
Also, y 6∈ L1(C′), since N
+
D (y) ⊆ N
+
D (A) ⊆ C
′. Hence, y ∈
(
C′ \L1(C′)
)
∩ V +. Therefore,
C′ is strong. ✷
Definition 3.2 If B is a weighted oriented subgraph of D with exactly one cycle C,
then B is called unicycle oriented graph when B satisfies the following conditions:
(i) C is an oriented cycle in B and there is an oriented path from C to y in B, for
each y ∈ V (B) \ V (C).
(ii) If x ∈ V (B) with w(x) = 1, then degB(x) = 1.
Definition 3.3 A weighted oriented subgraph T of D without cycles, is a root oriented
tree (ROT ) with parent v ∈ V (T ) when T satisfies the following properties:
(i) If x ∈ V (T ) \ {v}, there is an oriented path P in T from v to x.
(ii) If x ∈ V (T ) with w(x) = 1, then degT (x) = 1 and x 6= v or V (T ) = {v} and x = v.
Definition 3.4 A weighted oriented subgraph H of D is a ⋆-semi-forest if there are root
oriented trees T1, . . . , Tr whose parents are v1, . . . , vr and unicycle oriented subgraphs
B1, . . . , Bs such that H =
(
∪ri=1 Ti
)
∪
(
∪sj=1 Bj
)
with the following conditions:
(i) V (T1), . . . , V (Tr), V (B1), . . . , V (Bs) is a partition of V (H).
(ii) There is W = {w1, . . . , wr} ⊆ V (D) \ V (H) such that wi ∈ ND(vi) for i = 1, . . . , r
(it is possible that wi = wj for some 1 6 i < j 6 r).
(iii) There is a partition W1, W2 of W such that W1 is a stable set of D, W2 ⊆ V + and
(wi, vi) ∈ E(D) if wi ∈W2. Also, N
+
D (W2 ∪ H˜) ∩W1 = ∅, where
H˜ = {x ∈ V (H) | degH(x) > 2} ∪ {vi | degH(vi) = 1}.
Remark 3.5 By Definition 3.2 and Definition 3.3, we have H˜ ⊆ V +. Furthermore, if vi
is a parent vertex of Ti, with degH(vi) > 1, then vi ∈ H˜.
Lemma 3.6 If H is a ⋆-semi-forest of D, then
V (H) ⊆ ND(W1) ∪N
+
D (W2 ∪ H˜).
Proof. We take x ∈ V (H). Since H =
(
∪ri=1 Ti
)
∪
(
∪sj=1 Bj
)
, we have two cases:
Case 1) x ∈ V (Bj) for some 1 6 j 6 s. Let C be the oriented cycle of Bj . If x ∈ V (C),
then there is y1 ∈ V (C) such that (y1, x) ∈ E(C). Furthermore, degH(y1) > degC(y1) =
2, then y1 ∈ H˜ . Hence, x ∈ N
+
D (y1) ⊆ N
+
D (H˜). Now, if x ∈ V (Bj) \ V (C), then
there is an oriented path P in Bj from C to x. Thus, there is y2 ∈ V (P) such that
(y2, x) ∈ E(P). If |V (P)| > 2, then degH(y2) > degP(y2) = 2. If |V (P)| = 2, then
y2 ∈ V (C) and degH(y2) > degC(y2) = 2. Therefore, y2 ∈ H˜ and x ∈ N
+
D (H˜).
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Case 2) x ∈ V (Ti) for some 1 6 i 6 r. First, assume x = vi, then there is wi ∈ W such
that x ∈ ND(wi). Consequently, x ∈ ND(W1) if wi ∈ W1 and, by (iii) of Definition 3.4,
x ∈ N+D (wi) ⊆ N
+
D (W2) if wi ∈ W2. Now, we suppose x 6= vi, then there is an oriented
path L, from vi to x. Consequently, there is y3 ∈ V (L) such that (y3, x) ∈ E(D). If
y3 6= vi, then degH(y3) > degL(y3) = 2. Thus, y3 ∈ H˜ and x ∈ N
+
D (H˜). Finally, if
y3 = vi, then degH(y3) > 1. Hence, by Remark 3.5, y3 ∈ H˜ and x ∈ N
+
D (H˜). ✷
Remark 3.7 Sometimes to stress the relation between W and H in Definition 3.4, W
is denoted by WH . Similarly, WH1 and W
H
2 . If {T1, . . . , Tr} = ∅, then W
H = WH1 =
WH2 = ∅.
Lemma 3.8 Let K be a weighted oriented subgraph of D. If H is a maximal ROT in
K with parent v, or H is a maximal unicycle oriented subgraph in K whose cycle is C,
then there is no (y, x) ∈ E(K) with x ∈ V (K) \ V (H) and y ∈ V + ∩ V (H).
Proof. By contradiction suppose there is (y, x) ∈ E(K) with x ∈ V (K) \ V (H) and
y ∈ V + ∩ V (H). Thus, H ( H1 := H ∪ {(y, x)} ⊆ K. If H is a unicycle oriented
subgraph with cycle C (resp. H is a ROT), then there is an oriented path P from
C (resp. from v) to y. Consequently, P ∪ {(y, x)} is an oriented path from C (resp.
from v) to x in H1. Furthermore, H1 has exactly one cycle (resp. has no cycles), since
degH1(x) = 1 and V (H1) \ V (H) = {x}.
Now, we take z ∈ V (H1) with w(z) = 1, then z = x or z ∈ V (H). We prove degH1(z) = 1.
If z = x, then degH1(x) = 1. Now, if z ∈ V (H), then z 6= y, since y ∈ V
+. So,
degH1(z) = degH(z), since NH1(x) = {y}. If H is a ROT with V (H) = {v}, then
y = z = v. A contradiction, since w(z) = 1 and y ∈ V +. Consequently, by (ii) in
Definitions 3.2 and 3.3, degH1(z) = degH(z) = 1. Hence, H1 is a unicycle oriented
subgraph with cycle C (resp. is a ROT with parent v) of K. This is a contradiction,
since H ( H1 ⊆ K and H is maximal. ✷
Definition 3.9 Let K be a weighted oriented subgraph of D and H a ⋆-semi-forest of
D. We say H is a generating ⋆-semi-forest of K if V (K) = V (H).
Theorem 3.10 Let K be an induced weighted oriented subgraph of D. Hence, the follo-
wing conditions are equivalent:
(1) There is a strong vertex cover C of D, such that V (K) ⊆ C.
(2) There is a generating ⋆-semi-forest H of K.
Proof. (2) ⇒ (1) Let C1 be a minimal vertex cover of D. By (2), K has a generating
⋆-semi-forest H . Now, using the notation of Definition 3.4, we take C2 =
(
C1 \W1
)
∪
ND(W1)∪N
+
D (W2 ∪ H˜). By Remark 2.6, C2 is a vertex cover of D. Since W1 is a stable
set, ND(W1) ∩W1 = ∅. Then, C2 ∩W1 = ∅, since N
+
D (W2 ∪ H˜) ∩W1 = ∅. By Remark
3.5 and (iii) in Definition 3.4, H˜ ∪W2 ⊆ V +. So, by Proposition 3.1, there is a strong
vertex cover C of D such that N+D (W2 ∪ H˜) ⊆ C ⊆ C2. Consequently, C ∩ W1 = ∅,
since C2 ∩W1 = ∅. Thus, ND(W1) ⊆ C, since C is a vertex cover. Then, by Lemma
3.6, V (H) ⊆ ND(W1) ∪ N
+
D(W2 ∪ H˜) ⊆ C. Hence, V (K) ⊆ C, since H is a generating
⋆-semi-forest of K.
(1) ⇒ (2) We have, C is a strong vertex cover such that V (K) ⊆ C. If A := L1(C) ∩
V (K) = {v1, . . . , vs}, then there is wi ∈ V (D) \ C ⊆ V (D) \ V (K) such that (vi, wi) ∈
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E(D). We take the ROT’s M1 = {v1}, . . . ,Ms = {vs} and sets W i1 = {wi} and W
i
2 = ∅
for i = 1, . . . , s.
Now, we will give a recursive process to obtain a generating ⋆-semi-forest of K. For this
purpose, suppose we have connected ⋆-semi-forests Ms+1, . . . ,Ml of K \ A with subsets
W s+11 , . . . ,W
l
1,W
s+1
2 , . . . ,W
l
2 ⊆ V (D) \ V (K) and V
s+1, . . . , V l ⊆ V (K) such that for
each s < j 6 l, they satisfies the following conditions:
(a) V j = {vj} ifMj is a ROT with parent vj or V j is the cycle ofMj ifMj is a unicycle
oriented subgraph,
(b) Mj is a maximal ROT in K
j := K \ ∪j−1i=1V (Mi) with parent in V
j or Mj is a
maximal unicycle oriented subgraph in Kj with cycle V j .
(c) W j1 ∩ C = ∅ and W
j
2 ⊆
(
C \ (L1(C) ∪ V (K))
)
∩ V +.
Hence, we take K l+1 := K \
(
∪li=1 V (Mi)
)
. This process starts with l = s; in this case,
Ks+1 := K \
(
∪si=1 V (Mi)
)
= K \ A; furthermore, if A = ∅, then K1 = K. Continuing
with the recursive process, if K l+1 = ∅, then V (K) = ∪li=1V (Mi) and we stop the
process. Now, if K l+1 6= ∅, then we will construct a connected ⋆-semi-forest Ml+1 of
K l+1 in the following way:
Case (1) L2(C) ∩ V (K l+1) 6= ∅. Then, there is z ∈ L2(C) ∩ V (K l+1). Thus, there is
(z′, z) ∈ E(D) with z′ /∈ C. We take a maximal ROT Ml+1 in K l+1, whose parent is z.
Also, we take V l+1 = {vl+1} = {z}, W
l+1
1 = {wl+1} = {z
′} and W l+12 = ∅. Hence, Ml+1
satisfies (a), (b) and (c), since z′ /∈ C and W l+12 = ∅.
Case (2) L2(C)∩V (K l+1) = ∅. Then, V (K l+1) ⊆ L3(C), sinceK l+1 ⊆ K\A ⊆ C\L1(C).
We take x ∈ V (K l+1), then there is x1 ∈
(
C \ L1(C)
)
∩ V + such that (x1, x) ∈ E(D),
since C is strong. If x1 ∈ V (K l+1), then there is x2 ∈
(
C \ L1(C)
)
∩ V + such that
(x2, x1) ∈ E(D), since C is strong. Continuing with this process we obtain a maximal
path P = (xr , xr−1, . . . , x1, x) such that xr−1, . . . , x1, x are different in V (K l+1) and
x1, . . . , xr ∈
(
C \ L1(C)
)
∩ V +. Thus, xr /∈ ∪sj=1V (Mj), since xr /∈ L1(C). Now, suppose
xr ∈ V (Mj) for some s < j 6 l. So, (xr, xr−1) ∈ E(Kj), xr−1 ∈ V (Kj) \ V (Mj) and
xr ∈ V +∩V (Mj). Furthermore, N
+
D(xr)∩W
j
1 = ∅, since xr ∈ C \L1(C) and C ∩W
j
1 = ∅.
A contradiction, by Lemma 3.8, since W j ∩ V (Kj) = ∅. Hence, xr /∈ ∪lj=1V (Mj).
Consequently, xr /∈ V (K) or xr ∈ V (K l+1).
Case (2.a) xr /∈ V (K). Then, take a maximal ROT Ml+1 in K l+1 whose parent is xr−1.
Also, we take V l+1 = {vl+1} = {xr−1}, W
l+1
1 = ∅; and W
l+1
2 = {wl+1} = {xr}. Thus,
Ml+1 satisfies (a), (b) and (c), since W
l+1
1 = ∅, xr ∈
(
C \ L1(C)
)
∩ V + and xr /∈ V (K).
Case (2.b) xr ∈ V (K l+1). Then, xr ∈ L3(C), since V (K l+1) ⊆ L3(C). Hence, there is
xr+1 ∈
(
C \ L1(C)
)
∩ V + such that (xr+1, xr) ∈ E(D), Then P˜ = (xr+1, xr, . . . , x1, x) is
an oriented walk. By the maximality of P , we have that xr ∈ {xr−1, . . . , x1, x}. Thus,
P = (xr , . . . , x1, x) contains an oriented cycle C. We take a maximal unicycle oriented
subgraph Ml+1 of K
l+1 with cycle C, V l+1 = C and W l+11 = W
l+1
2 = ∅. Then, Ml+1
satisfies (a), (b) and (c).
Since K is finite, with this proceeding we obtain M1, . . . ,Mt ⊆ K such that V (K) =
∪ti=1 V (Mi),W
i
1∩C = ∅ andW
i
2 ⊆
(
C\L1(C)
)
∩V + for i = 1, . . . t. We takeH := ∪ti=1 Mi
with Wj = ∪ti=1 W
i
j for j = 1, 2. So, V (H) = V (K). Also, W1 ∩ C = ∅, then W1 is a
stable set, since C is a vertex cover. Furthermore, W2 ⊆ V + and W2 ⊆ C \ L1(C), then
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N+D (W2) ⊆ C. Then, N
+
D (W2)∩W1 = ∅, since C∩W1 = ∅. If x ∈ L1(C)∩V (K), then there
is 1 6 i 6 s such that x = vi and Mi = {vi}. Consequently, degH(x) = degMi(vi) = 0.
Thus, H˜ ∩ L1(C) = ∅ implying N
+
D (H˜) ⊆ C, since V (H) ⊆ C. Hence, N
+
D(H˜) ∩W1 = ∅,
since W1 ∩ C = ∅. Therefore, H is a generating ⋆-semi-forest of K. ✷
Theorem 3.11 Let D = (G,O, w) be a weighted oriented graph where G is a perfect
graph, then G has a τ-reduction H1, . . . , Hs in complete subgraphs. Furthermore, I(D)
is unmixed if and only if each Hi has no generating ⋆-semi-forests.
Proof. First, we prove G has a τ -reduction in complete graphs. By Theorem 2.34, G
is perfect. Thus, s := w(G) = χ(G). So, there is a s-colouring c : V (G) → {1, . . . , s}.
We take Vi := c
−1(i) for i = 1, . . . , s. Then, Vi is a stable set in G, since c is a s-
colouring. Hence, by Remark 2.33, Hi := G[Vi] is a complete graph in G and s =
ω(G) = β(G). Furthermore, V1, . . . , Vs is a partition of V (G) = V (G), since c is a
function. Consequently,
s∑
i=1
τ(Hi) =
s∑
i=1
(
|Vi| − 1
)
=
( s∑
i=1
|Vi|
)
− s = |V (G)| − β(G) = τ(G).
Finally, by Remark 2.16, |V (G)| − β(G) = τ(G), then, H1, . . . , Hs is a τ -reduction
of G.
Now, we prove that I(D) is unmixed if and only if each Hi has no generating ⋆-semi-
forests.
⇒) By contradiction, assume Hj has a generating ⋆-semi-forest, then by Theorem 3.10
there is a strong vertex C such that Vj ⊆ C. Furthermore, C ∩ Vi is a vertex cover of Hi,
then |C∩Vi| > τ(Hi) = |Vi|−1 for i 6= j. Thus, |C| =
∑s
i=1 |C∩Vi| > |Vj |+
∑s
i=1
i6=j
(|Vi|−1),
since V1, . . . , Vs is a partition of V (G). Hence, by Remark 2.16, |C| > |V (G)|− s = τ(G),
since s = β(G). A contradiction, by Remark 2.14, since I(D) is unmixed.
⇐) Let C be a strong vertex cover, then C ∩ Vi is a vertex cover of Hi. So, |C ∩ Vi| >
τ(Hi) = |Vi| − 1 for i = 1, . . . , s. Furthermore, by Theorem 3.10, Vi 6⊆ C. Consequently,
|C ∩ Vi| = |Vi| − 1. Thus, |C| =
∑s
i=1
(
|Vi| − 1
)
, since V1, . . . , Vs is a partition of V (G).
Therefore, by (2) in Theorem 2.12, I(D) is unmixed. ✷
4 Unmixedness of weighted oriented SCQ graphs
Let D = (G,O, w) be a weighted oriented graph. If P is a perfect matching of G
with the property (P), then in Proposition 4.1, we characterize when |C ∩ e| = 1, for
each strong vertex cover C of D and each e ∈ P . Using Proposition 4.1 in Corollary
4.2, we characterize when I(D) is unmixed if G is Ko¨ning. In Proposition 4.6, we
characterize the basic 5-cycles, C such that |C ∩ V (C)| = 3 for each strong vertex cover
C of D. Furthermore, in Theorem 4.8, we characterize when I(D) is unmixed if G is an
SCQ graph (see Definition 2.27). Finally, using this result we characterize the unmixed
property of I(D), when G is simplicial or G is chordal (see Corollary 4.9).
Proposition 4.1 Let e be an edge of G. Hence, the following conditions are equivalent:
(1) |C ∩ e| = 1 for each strong vertex cover C of D.
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(2) e has the property (P) and ND(b) ⊆ N
+
D (a) if (a, b
′) ∈ E(D) with a ∈ V + and
e = {b, b′}.
Proof. (1) ⇒ (2) First, we show e has the property (P). By contradiction, suppose
there are {a, b}, {a′, b′} ∈ E(G) such that {a, a′} /∈ E(G). This implies, there is a
maximal stable set S such that {a, a′} ⊆ S. So, C˜ = V (G) \ S is a minimal vertex cover.
Consequently, C˜ is strong. Furthermore, a, a′ /∈ C˜, then b, b′ ∈ C˜, since {a, b}, {a′, b′} ∈
E(G). A contradiction by (1). Now, assume (a, b′) ∈ E(D) with a ∈ V + and e =
{b, b′}, then we will prove that ND(b) ⊆ N
+
D (a). By contradiction, suppose there is
c ∈ ND(b)\N
+
D (a). We take a maximal stable set S such that b ∈ S. Thus, C1 = V (G)\S
is a minimal vertex cover such that b /∈ C1. By Remark 2.6, C =
(
C1\{c}
)
∪ND(c)∪N
+
D (a)
is a vertex cover. Furthermore, c /∈ C, since c /∈ N+D (a). By Proposition 3.1, there is a
strong vertex cover C′ such that N+D (a) ⊆ C
′ ⊆ C, since a ∈ V +. Also, b′ ∈ N+D (a) ⊆ C
′
and c /∈ C′, since (a, b′) ∈ E(D) and c /∈ C. Then, b ∈ ND(c) ⊆ C′. Hence, {b, b′} ⊆ C′.
This is a contradiction, by (1).
(2)⇒ (1) By contradiction, assume there is a strong vertex cover C ofD such that |C∩e| 6=
1. So, |C ∩e| = 2, since C is a vertex cover. Hence, by Theorem 3.10, there is a generating
⋆-semi-forest H of e. We set e = {z, z′}. First, assume H is not connected. Then, using
the Definition 3.4, we have H =M1 ∪M2 where M1 = {v1}, M2 = {v2} and w1, w2 ∈ W
such that wi ∈ ND(vi) for i = 1, 2. Thus, {z, z′} = {v1, v2} and {w1, w2} ∈ E(G), since
e satisfies the property (P). This implies |W1 ∩ {w1, w2}| 6 1, since W1 is a stable set.
Hence, we can suppose w2 ∈ W2, then w2 ∈ V + and (w2, z′) ∈ E(D). Consequently, by
(2), w1 ∈ ND(z) ⊆ N
+
D (w2), then (w2, w1) ∈ E(D). Furthermore, by (iii) in Definition
3.4, N+D (W2) ∩ W1 = ∅, then w1 ∈ W2. So, w1 ∈ V
+ and (w1, z) ∈ E(D). By (1)
with a = w1, we have (w1, w2) ∈ E(D). A contradiction, then H is connected. Thus,
H is a ROT with V (H) = {z, z′}. We can suppose v1 = z and WH = {w1}, then
(z, z′) ∈ E(D), w1 ∈ ND(z) and z = v1 ∈ H˜ , since degH(v1) = 1. If w1 ∈ N
+
D (z), then
w1 ∈ W1, since z = v1. A contradiction, since N
+
D (H˜) ∩W1 = ∅. Then, w1 /∈ N
+
D (z).
By Remark 3.5, z = v1 ∈ H˜ ⊆ V +. Therefore, by (1) (taking a = b = z and b′ = z′),
we have ND(z) ⊆ N
+
D (z), since e = {z, z
′} and z′ ∈ N+D (z). A contradiction, since
w1 ∈ ND(z) \N
+
D (z). ✷
Corollary 4.2 [11, Theorem 3.4] Let D = (G,O, w) be a weighted oriented graph, where
G is Ko¨ning without isolated vertices. Hence, I(D) is unmixed if and only if D satisfies
the following two conditions:
(a) G has a perfect matching P with the property (P).
(b) ND(b) ⊆ N
+
D (a), when a ∈ V
+, {b, b′} ∈ P and b′ ∈ N+D (a).
Proof. ⇒) By Theorem 2.12, I(G) is unmixed. Thus, by Remark 2.17 and Theorem 2.20,
G has a perfect matching P with the property (P). Consequently, ν(G) = |P |. Also,
τ(G) = ν(G), since G is Ko¨ning. So, τ(G) = |P |. Now, we take a strong vertex cover C
of D and e ∈ P . Then, |C ∩ e| > 1. Furthermore, by Remark 2.14, |C| = τ(G) = |P |.
Hence, |C ∩ e| = 1, since C = ∪e˜∈P C ∩ e˜. Therefore, by Proposition 4.1, D satisfies (b).
⇐) We take a strong vertex cover C of D. By Proposition 4.1, |C ∩ e| = 1 for each
e ∈ P , since D satisfies (a) and (b). This implies |C| = |P |, since P is a perfect matching.
Therefore, by (2) in Theorem 2.12, I(D) is unmixed. ✷
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Lemma 4.3 If there is a basic 5-cycle C = (z1, z2, z3, z4, z5, z1) with (z1, z2), (z2, z3) ∈
E(D), z2 ∈ V + and C satisfies one of the following conditions:
(a) (z3, z4) ∈ E(D) with z3 ∈ V +.
(b) (z1, z5), (z5, z4) ∈ E(D) with z5 ∈ V +.
then there is a strong vertex cover C˜ such that |C˜ ∩ V (C)| = 4.
Proof. We take C =
(
C0\V (C)
)
∪ND(z1)∪N
+
D (z2, x) where C0 is a vertex cover and x = z3
if C satisfies (a) or x = z5 if C satisfies (b). Thus, x ∈ V +. Furthermore, z2, z3, z5 ∈
ND(z1) ∪ N
+
D (z2) and z4 ∈ N
+
D (z3) if C satisfies (a) or z4 ∈ N
+
D (z5) if C satisfies (b).
Hence, {z2, z3, z4, z5} ⊆ ND(z1)∪N
+
D (z2, x). Consequently, {z2, z3, z4, z5} ⊆ C, implying
C is a vertex cover, since C0 is vertex cover and ND(z1) ⊆ C. Also, z1 /∈ C, since
z1 /∈ ND(z1) ∪N
+
D (z2, z3) and z1 /∈ N
+
D(z5) if C satisfies (b). By Proposition 3.1, there
is a strong vertex cover C′ such that N+D (z2, x) ⊆ C
′ ⊆ C, since {z2, x} ⊆ V +. So,
z1 /∈ C
′, since z1 /∈ C. Then, by Remark 2.8, ND(z1) ⊆ C
′. Hence, {z2, z3, z4, z5} ⊆
ND(z1) ∪N
+
D (z2, x) ⊆ C
′. Therefore, |C′ ∩ V (C)| = 4, since z1 /∈ C′. ✷
Definition 4.4 Let C be an induced 5-cycle, we say that C has the ⋆-property if for each
(a, b) ∈ E(C) where a ∈ V +, then C = (a′, a, b, b′, c, a′) with the following properties:
(⋆.1) (a′, a) ∈ E(D) and w(a′) = 1.
(⋆.2) N−D (a) ⊆ ND(c) and N
−
D (a) ∩ V
+ ⊆ N−D (c).
(⋆.3) ND(b
′) ⊆ ND(a′) ∪N
+
D (a) and N
−
D (b
′) ∩ V + ⊆ N−D (a
′).
Lemma 4.5 Let C = (a′1, a1, b1, b
′
1, c1, a
′
1) be a basic 5-cycle of D, such that (a
′
1, a1) ∈
E(D), degD(a1) > 3, degD(c1) > 3 and w(b1) = 1. If there is a strong vertex cover C of
D, such that V (C) ⊆ C, then C has no the ⋆-property.
Proof. By contradiction, suppose C has the ⋆-property and there is a strong vertex
cover C, such that V (C) ⊆ C. Then, degD(a′1) = degD(b
′
1) = 2, since C is a basic
cycle, degD(a1) > 3 and degD(c1) > 3. Hence, a
′
1, b
′
1 ∈ L3(C), since V (C) ⊆ C. Thus,
(c1, a
′
1) ∈ E(D) and w(c1) 6= 1, since a
′
1 ∈ L3(C), degD(a
′
1) = 2, (a
′
1, a1) ∈ E(D)
and C is strong. By (⋆.1) with (a, b) = (c1, a′1), we have that (b
′
1, c1) ∈ E(D). Hence,
N−D (b
′
1) ⊆ {b1}, since degD(b
′
1) = 2. This is a contradiction, since b
′
1 ∈ L3(C) and
w(b1) = 1. ✷
Proposition 4.6 Let C be a basic 5-cycle, then C has the ⋆-property if and only if
|C ∩ V (C)| = 3 for each strong vertex cover C of D.
Proof. ⇒) By contradiction, we suppose there is a strong vertex cover C such that
|C ∩V (C)| > 4. Thus, there is a path L = (d1, d2, d3, d4) ⊆ C such that V (L) ⊆ C. Then,
degD(d2) = 2 or degD(d3) = 2, since C is basic. We can suppose degD(d2) = 2, then
ND(d2) ⊆ C. This implies b1 := d2 ∈ L3(C). So, there is (a1, b1) ∈ E(D) with a1 ∈
(
C \
L1(C)
)
∩ V +, since C is strong. Since, ND(b1) ⊆ C, we can set C = (a′1, a1, b1, b
′
1, c1, a
′
1).
Consequently, {a1, b
′
1} = ND(b1) = ND(d2) = {d1, d3} ⊆ C. By (⋆.1), (a
′
1, a1) ∈ E(D)
and w(a′1) = 1. If b1 ∈ V
+, then by Remark 2.3, b1 is not a sink. This implies,
(b1, b
′
1) ∈ E(D). Then, by (⋆.1) with (a, b) = (b1, b
′
1), w(a1) = 1. A contradiction, since
a1 ∈ V +. Hence, w(b1) = 1.
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We prove a′1 ∈ C. By contradiction assume a
′
1 6∈ C, then {b1, a1, c1, b
′
1} ⊆ C, since
|C ∩ V (C)| > 4. Suppose b′1 ∈ L3(C), then there is y ∈
(
N−D (b
′
1)∩ V
+
)
\L1(C). Then, by
(⋆.3) with (a, b) = (a1, b1), y ∈ N
−
D (a
′
1), i.e. (y, a
′
1) ∈ E(D). Consequently, y ∈ L1(C),
since a′1 /∈ C. This is a contradiction. Hence, b
′
1 /∈ L3(C), i.e. there is y
′ ∈ ND(b′1) \ C,
since b′1 ∈ C. By (⋆.3), y
′ ∈ ND(a′1) ∪ N
+
D (a1). Furthermore, a
′
1 /∈ C, then ND(a
′
1) ⊆ C
and y′ /∈ ND(a′1), since C is a vertex cover and y
′ /∈ C. This implies y′ ∈ N+D (a1), then
a1 ∈ L1(C), since a1 ∈ C and y′ /∈ C. A contradiction, since a1 /∈ L1(C). Therefore,
a′1 ∈ C.
Thus, {b1, a1, a′1, b
′
1} ⊆ C. Now, we prove c1 ∈ C, degD(a1) > 3 and degD(c1) > 3.
Case (1) a1 ∈ L3(C). Consequently, there is z ∈ N
−
D (a1) ∩ V
+ such that z ∈ C \ L1(C).
Then, z /∈ V (C), since N−D (a1) ∩ V (C) = {a
′
1} and w(a
′
1) = 1. By (⋆.2), z ∈ N
−
D (c1).
Thus, (z, c1) ∈ E(D). Consequently, c1 ∈ C, degD(a1) > 3 and degD(c1) > 3, since
z ∈ C \ L1(C) and z ∈ ND(a1) ∩ND(c1).
Case (2) a1 /∈ L3(C). This implies, there is z′ ∈ ND(a1) such that z′ /∈ C. Then,
z′ /∈ V (C), since ND(a1) ∩ V (C) = {a′1, b1} ⊆ C. Consequently, z
′ ∈ N−D (a1), since
a1 ∈ C \ L1(C). By (⋆.2), we have z′ ∈ N
−
D (a1) ⊆ ND(c1). Hence, c1 ∈ C, degD(a1) > 3
and degD(c1) > 3, since z
′ /∈ C and z′ ∈ ND(a1) ∩ND(c1).
This implies, V (C) ⊆ C. A contradiction, by Lemma 4.5, since C has the ⋆-property.
⇐) Assume C = (a′, a, b, b′, c, a′) with (a, b) ∈ E(C) such that w(a) 6= 1. We take a
minimal vertex cover C of D. We will prove (⋆.1), (⋆.2) and (⋆.3).
(⋆.1) First we will prove (a′, a) ∈ E(D). By contradiction, suppose (a, a′) ∈ E(D).
By Remark 2.3, there is y ∈ N−D (a), since a ∈ V
+. Thus, y /∈ V (C) and degD(a) ≥ 3.
Consequently, degD(a
′) = degD(b) = 2, since C is basic. Also, degD(b
′) = 2 or degD(c) =
2, since C is basic. We can assume degD(c) = 2, then ND(c) = {a′, b′}. So, by Remark
2.6, C1 =
(
C \ {y, c}
)
∪ ND(y, b) ∪ N
+
D(a) is a vertex cover, since C is a vertex cover,
{a′, b′} ⊆ ND(b) ∪ N
+
D (a) ⊆ C1. Since degD(c) = 2, we have c 6∈ ND(y). Furthermore,
c /∈ ND(b) ∪ N
+
D (a), since C is induced. Then, c 6∈ C1. Also, ND(b) = {b
′, a}, implies
y 6∈ C1, since y 6∈ N
+
D (a). By Proposition 3.1 there is a strong vertex cover C
′
1 such that
N+D (a) ⊆ C
′
1 ⊆ C1, since a ∈ V
+. Thus, c, y /∈ C′1, since c, y /∈ C1. By Remark 2.8,
a′, b′, a ∈ ND(c) ∪ND(y) ⊆ C′1. Furthermore, b ∈ N
+
D (a) ⊆ C
′
1. Hence, |C
′
1 ∩ V (C)| = 4.
A contradiction.
Now, we prove w(a′) = 1. By contradiction, assume w(a′) 6= 1. By the last argument,
(c, a′) ∈ E(D), since (a′, a) ∈ E(D) and a ∈ V +. A contradiction, by (a) in Lemma 4.3.
(⋆.2) We will prove N−D (a) ⊆ ND(c). By contradiction, suppose there is y ∈ N
−
D (a) \
ND(c). Also, N
−
D (a) ∩ V (C) ⊆ {a
′} ⊆ ND(c), since b ∈ N
+
D (a). Hence, y /∈ V (C). By
Remark 2.6, C2 =
(
C\{y, c}
)
∪ND(y, c)∪N
+
D(a) is a vertex cover. Furthermore, y, c /∈ C2,
since y ∈ N−D (a) \ND(c) and c /∈ ND(a, y). By Proposition 3.1, there is a strong vertex
cover C′2 such that N
+
D (a) ⊆ C
′
2 ⊆ C2, since a ∈ V
+. Thus, y, c /∈ C′2 since y, c /∈ C2. By
Remark 2.8, a, a′, b′ ∈ ND(y, c) ⊆ C′2. Hence, |C
′
2 ∩ V (C)| = 4, since b ∈ N
+
D (a) ⊆ C
′
2. A
contradiction.
Now, we prove N−D (a) ∩ V
+ ⊆ N−D (c). By contradiction, suppose there is y ∈ N
−
D (a) ∩
V + \ N−D (c). By Remark 2.6, C3 = (C \ {c}) ∪ ND(c) ∪ N
+
D (a, y) is a vertex cover.
Furthermore, c /∈ N+D (a, y), then c /∈ C3. By Proposition 3.1, there is a strong vertex
cover C′3 such that N
+
D(a, y) ⊆ C
′
3 ⊆ C3 since {a, y} ⊆ V
+. So, c /∈ C′3, since c /∈ C3. Thus,
by Remark 2.8 a′, b′ ∈ ND(c) ⊆ C′3. Also, a, b ∈ N
+
D (a, y) ⊆ C
′
3. Hence, |C
′
3 ∩ V (C)| = 4,
a contradiction.
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(⋆.3) We prove ND(b
′) ⊆ ND(a′) ∪ N
+
D (a). By contradiction, we suppose there is y ∈
ND(b
′)\
(
ND(a
′)∪N+D (a)
)
. Thus, y /∈ C, since ND(b′)∩V (C) = {c, b} ⊆ ND(a′)∪N
+
D (a).
By Remark 2.6, C4 =
(
C \ {y, a′})
)
∪ ND(y, a
′) ∪ N+D (a). Furthermore, y /∈ C4, since
y /∈ ND(a′) ∪N
+
D (a). By (⋆.1), (a
′, a) ∈ E(D), then a′ /∈ C4, since a′ /∈ ND(y) ∪N
+
D (a).
By Proposition 3.1, there is a strong vertex cover C′4 such that N
+
D (a) ⊆ C
′
4 ⊆ C4, since
a ∈ V +. So, y, a′ /∈ C′4, since y, a
′ /∈ C4. Thus, by Remark 2.8 b
′, a, c ∈ ND(y)∪ND(a
′) ⊆
C′4. Also, b ∈ N
+
D (a) ⊆ C
′
4. Hence, |C
′
4 ∩ V (C)| = 4, a contradiction.
Finally, we prove N−D (b
′) ∩ V + ⊆ N−D (a
′). By contradiction, we suppose there is y ∈(
N−D (b
′) ∩ V +
)
\ N−D (a
′). By (⋆.1), a′ ∈ N−D (a). Furthermore, by (a) in Lemma 4.3,
y 6= b, since y ∈ V +. If y = c, then (c, b′) ∈ E(D). Thus, by (⋆.1), with the edge
(a′, c) ∈ E(D). A contradiction by (b) in Lemma 4.3, since c = y ∈ V +. Hence,
y /∈ V (C). By Remark 2.6, C5 =
(
C \ {a′}
)
∪ ND(a
′) ∪ N+D (y, a) is a vertex cover. By
Remark 2.6, a′ /∈ N+D(y, a), since (a
′, a) ∈ E(D) and y /∈ N−D (a
′). Consequently, a′ /∈ C5.
By Proposition 3.1, there is a strong vertex cover C′5 such that N
+
D (a, y) ⊆ C
′
5 ⊆ C5, since
{a, y} ⊆ V +. So, a′ /∈ C′5, since a
′ /∈ C5. Then, by Remark 2.8 a, c ∈ ND(a′) ⊆ C′5.
Furthermore, b, b′ ∈ N+D (a, y) ⊆ C
′
5. Hence, |C
′
5 ∩ V (C)| = 4, a contradiction. ✷
Lemma 4.7 Let C be a vertex cover of D where G is an SCQ graph. Hence, |C| = τ(G)
if and only if |C ∩ V (K)| = |V (K)| − 1, |C ∩ V (C)| = 3 and |C ∩ e| = 1 for each K ∈ SG,
C ∈ CG and e ∈ QG, respectively.
Proof. We set C a vertex cover of D, K ∈ SG, C ∈ CG and e ∈ QG. Then, there
are y ∈ V (G) and a, a′ ∈ V (C) such that K = G[NG[y]], degG(a) = degG(a′) = 2 and
{a, a′} /∈ E(G). We set AK := V (K)\ {y} and BC := V (C)\ {a, a′}. Also, C ∩V (K) is a
vertex cover of K, so |C ∩V (K)| > τ(K) = |V (K)|− 1. Similarly, |C ∩V (C)| > τ(C) = 3
and |C ∩ e| > τ(e) = 1. Thus,
|C| =
∑
K∈SG
|C∩V (K)|+
∑
C∈CG
|C∩V (C)|+
∑
e∈QG
|C∩e| >
∑
K∈SG
(
|V (K)|−1
)
+3|CG|+|QG|,
(4.1)
since H = {V (H) | H ∈ SG ∪CG ∪QG} is a partition of V (G). Now, we take a maximal
stable set S contained in V (QG) := {x ∈ V (G) | x ∈ e and e ∈ QG}. Then, |S ∩ e| 6 1
for each e ∈ QG, since S is stable. If S∩e = ∅ for some e = {x1, x2} ∈ QG, then there are
y1, y2 ∈ S such that {x1, y1}, {x2, y2} ∈ E(G), since S is maximal. But QG satisfies the
property (P), then {y1, y2} ∈ E(G). A contradiction, since S is stable. Hence, |S∩e| = 1
for each e ∈ QG. Consequently, |S| = |QG| and |S′| = |QG|, where S′ = V (QG) \ S.
Now, we take
C(S′) =
( ⋃
K∈SG
AK
)⋃( ⋃
C∈CG
BC
)⋃
S′.
We prove C(S′) is a vertex cover of D. By contradiction, suppose there is eˆ ∈ E(G) such
that eˆ ∩ C(S′) = ∅. We set z ∈ eˆ, then eˆ = {z, z′}. If z ∈ V (K˜) for some K˜ ∈ SG,
then K˜ = G[NG[z]], since AK˜ ⊆ C(S
′) and z /∈ C(S′). So, z′ ∈ NG(z) ⊆ K˜ \ {z} =
AK˜ ⊆ C(S
′). A contradiction, since eˆ ∩ C(S′) = ∅. Now, if z ∈ V (C˜) for some C˜ ∈ CG,
then z /∈ BC˜ . Thus, degG(z) = 2 implying z
′ ∈ BC˜ ⊆ C(S
′), since {z, z′} ∈ E(G). A
contradiction. Then, eˆ ⊆ V (QG), since H is a partition of V (G). Also, eˆ ∩ S′ = ∅, this
implies eˆ ⊆ V (QG) \ S′ = S. But S is stable. This is a contradiction. Hence, C(S′) is a
vertex cover of D. Furthermore,
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|C(S′)| =
∑
K∈SG
|AK |+
∑
C∈CG
|BC |+ |S′| =
∑
K∈SG
(
|V (K)| − 1
)
+ 3|CG|+ |QG|.
Thus, τ(G) =
∑
K∈SG
(
|V (K)| − 1
)
+ 3|CG| + |QG|. Therefore, by (4.1), |C| = τ(G) if
and only if |C ∩V (K)| = |K|−1, |C ∩V (C)| = 3 and |C ∩e| = 1 for each K ∈ SG, C ∈ CG
and e ∈ QG, respectively. ✷
Theorem 4.8 Let D = (G,O, w) be a weighted oriented graph where G is an SCQ
graph. Hence, I(D) is unmixed if and only if D satisfies the following conditions:
(a) Each basic 5-cycle of G has the ⋆-property.
(b) Each simplex of D has no generating ⋆-semi-forests.
(c) ND(b) ⊆ N
+
D (a) when a ∈ V
+, {b, b′} ∈ QG and b′ ∈ N
+
D(a).
Proof. ⇒) We take a strong vertex cover C of D, then by Remark 2.14, |C| = τ(G).
Consequently, by Lemma 4.7, |C ∩ V (K)| = |V (K)| − 1, |C ∩ V (C)| = 3 and |C ∩ e| = 1
for each K ∈ SG, C ∈ CG and e ∈ QG. Thus, V (K) 6⊆ C. Consequently, by Theorem
3.10, D satisfies (b). Furthermore, by Propositions 4.6 and 4.1, D satisfies (a) and (c).
⇐) Let C be a strong vertex cover of D. By (a) and Proposition 4.6, we have |C∩V (C)| =
3 for each C ∈ CG. Furthermore, by (b) and Theorem 3.10, V (K) 6⊆ C for each K ∈ SG.
Consequently, |V (K)| > |C ∩ V (K)| > τ(K) = |V (K)| − 1. So, |C ∩ V (K)| = |V (K)| − 1.
Now, if e ∈ QG, then e has the property (P), since QG has the property (P). Thus, by
(c) and Proposition 4.1, |C ∩ e| = 1. Hence, by Lemma 4.7, |C| = τ(G). Therefore I(D)
is unmixed, by (2) in Theorem 2.12. ✷
Corollary 4.9 Let D = (G,O, w) be a weighted oriented graph where G is a simplicial or
chordal graph. Hence, I(D) is unmixed if and only if D satisfies the following conditions:
(a) Each vertex is in exactly one simplex of D.
(b) Each simplex of D has not a generating ⋆-semi-forest.
Proof. ⇒) By (3) in Theorem 2.12 and Remark 2.17, G is well-covered. Thus, by
Theorem 2.26, G satisfies (a). Furthermore, by Remark 2.29, G is an SCQ graph with
CG = QG = ∅. Hence, by Theorem 4.8, D satifies (b).
⇐) By (a), {V (H) | H ∈ SG} is a partition of V (G). Hence, G is an SCQ graph with
CG = ∅ and QG = ∅. Therefore, by (b) and Theorem 4.8, I(D) is unmixed. ✷
5 Unmixedness of weighted oriented graphs without
some small cycles
Let D = (G,O, w) be a weighted oriented graph. In this Section, we study and charac-
terize the unmixed property of I(D) when G has no 3- or 5- cycles (Theorem 5.4), or G
is a graph without 4- or 5-cycles (Theorem 5.10), or girth(G) > 5 (Theorem 5.13). In
other words, in this Section, we characterize the unmixed property of I(D) when G has
at most one of the following types of cycles: 3-cycles, 4-cycles and 5-cycles.
Proposition 5.1 If for each (y, x) ∈ E(D) with y ∈ V +, we have that ND(y′) ⊆ N
+
D (y)
for some y′ ∈ ND(x) \ y, then L3(C) = ∅ for each strong vertex cover C of D.
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Proof. By contradiction, suppose there is a strong vertex cover C of D and x ∈ L3(C).
Hence, there is y ∈
(
C \ L1(C)
)
∩ V + with (y, x) ∈ E(D). Then, ND(x) ⊆ C and
N+D (y) ⊆ C, since x ∈ L3(C) and y ∈ C \ L1(C). By hypothesis, there is a vertex
y′ ∈ ND(x) \ y ⊆ C such that ND(y′) ⊆ N
+
D (y) ⊆ C. Thus, y
′ ∈ L3(C). Since C is
strong, there is (y1, y
′) ∈ E(D) with y1 ∈ V +. So, y1 ∈ ND(y′) ⊆ N
+
D (y). On the
other hand, (y1, x1) ∈ E(D) where x1 := y′ and y1 ∈ V +, then by hypothesis, there is
y′1 ∈ ND(x1) \ y1 such that ND(y
′
1) ⊆ N
+
D (y1). Hence, y
′
1 ∈ ND(x1) = ND(y
′) ⊆ N+D(y).
Consequently, y ∈ ND(y′1) ⊆ N
+
D (y1). A contradiction, since y1 ∈ N
+
D (y). ✷
Corollary 5.2 If G is well-covered and V + is a subset of sinks, then I(D) is unmixed.
Proof. If y ∈ V +, then y is a sink. Thus, (y, x) /∈ E(D) for each x ∈ V (D). Hence,
by Proposition 5.1, L3(C) = ∅, for each strong vertex cover C of D. Furthermore, by
Remark 2.17, I(G) is unmixed. Therefore I(D) is unmixed, by (3) in Theorem 2.12. ✷
Lemma 5.3 Let (z, y), (y, x) be edges of D with y ∈ V + and ND(x) = {y, x1, . . . , xs}.
If there are zi ∈ ND(xi) \N
+
D (y) such that {z, x, z1, . . . , zs} is a stable set, then I(D) is
mixed.
Proof. We take A := {z, z1, . . . , zs}, then A∪{x} is a stable set. We can take a maximal
stable set S of V (G), such that A ∪ {x} ⊆ S. So, C˜ = V (G) \ S is a minimal vertex
cover of D. Hence, C = C˜ ∪N+D (y) is a vertex cover of D. Also A ∩ C = ∅, since A ⊆ S,
z ∈ N−D (y) and zi /∈ N
+
D (y). By Proposition 3.1, there is a strong vertex cover C
′ of
D such that N+D (y) ⊆ C
′ ⊆ C, since y ∈ V +. Thus, A ∩ C′ = ∅, since A ∩ C = ∅.
Then, by Remark 2.8, ND(A) ⊆ C
′. Furthermore ND(x) = {y, x1, . . . , xs} ⊆ ND(A).
Consequently, ND(x) ⊆ C′. Hence, x ∈ L3(C′), since x ∈ N
+
D (y) ⊆ C
′. Therefore, by (3)
in Theorem 2.12, I(D) is mixed. ✷
Theorem 5.4 Let D = (G,O, w) be a weighted oriented graph such that G has no 3- or
5-cycles. Hence, I(D) is unmixed if and only if D satisfies the following conditions:
(a) G is well-covered.
(b) If (y, x) ∈ E(D) with y ∈ V +, then ND(y′) ⊆ N
+
D (y) for some y
′ ∈ ND(x) \ y.
Proof. ⇐) By Proposition 5.1 and (b), we have that L3(C) = ∅ for each strong vertex
cover C of D. Furthermore, by (a) and Remark 2.17, I(G) is unmixed. Therefore, by (3)
in Theorem 2.12, I(D) is unmixed.
⇒) By (3) in Theorem 2.12 and Remark 2.17, D satisfies (a). Now, we take (y, x) ∈ E(D)
with y ∈ V +. Then, by Remark 2.3, there is z ∈ N−D (y). Furthermore z /∈ ND(x), since G
has no 3-cycles. We set ND(x) \ y = {x1, . . . , xs}. We will prove (b). By contradiction,
suppose there is zi ∈ ND(xi) \ N
+
D (y) for each i = 1, . . . , s. If {zi, zj} ∈ E(G) for
some 1 6 i < j 6 s, then (x, xi, zi, zj , xj , x) is a 5-cycle. But G has no 5-cycles,
then {z1, . . . , zs} is a stable set. Now, if {x, zk} ∈ E(G) or {z, zk} ∈ E(G) for some
k ∈ {1, . . . , s}, then (x, xk, zk, x) is a 3-cycle or (z, y, x, xk, zk, z) is a 5-cycle. Hence,
{x, z, z1, . . . , zs} is a stable set. A contradiction, by Lemma 5.3, since I(D) is unmixed.
✷
In the following results, we use the notation of Figure 1.
Remark 5.5 Let G be a graph in {C7, T10, P10, P13, P14, Q13}. Hence,
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(a) G does not contain 4-cycles. Furthermore, if G has a 3-cycle, then G = T10.
(b) If degG(x) = 2, then x is not in a 3-cycle of G.
(c) If G 6= C7 and e˜ = {v, u} ∈ E(G) with degD(v) = degD(u) = 2, then e˜ ∈
{e˜1, e˜2, e˜3}. Also, if e˜ is in a 5-cycle C, then G ∈ {P10, P13}, e˜ ∈ {e˜1, e˜2} and
C ∈ {C1, C2} or G = Q13, e˜ = e˜1 and C = C1.
(d) If P = (y1, y2, y3) is a path in G with degG(yi) = 2 for i = 1, 2, 3, then G = C7.
Proof. (a) By Theorems 2.28 and 2.30, G has no 4-cycles. Now, if G has a 3-cycle then,
by Theorem 2.30, G = T10.
(b) By (a), the unique 3-cycle is (c1, c2, c3, c1) in T10 and degT10(ci) = 3 for i = 1, 2, 3.
(c) By Figure 1, e˜ ∈ {e˜1, e˜2, e˜3} and G ∈ {T10, P10, P13, Q13}, since G 6= C7. Now,
assume e˜ is in a 5-cycle C. By Theorem 2.28, G 6= T10. If G = P10, then e˜3 is not in a
5-cycle. Thus, e˜ ∈ {e˜1, e˜2} and C ∈ {C1, C2}. Now, if G = P13, then e˜ ∈ {e˜1, e˜2} and
C ∈ {C1, C2}. Finally, if G = Q13, then e˜2, e˜3 are not in a 5-cycle. Hence, e˜ = e˜1 and
C = C1.
(d) By contradiction, suppose G 6= C7. If e ∈ E(P ), then by (c), e ∈ {e1, e2, e3}. But,
ei ∩ ej = ∅ for i 6= j. A contradiction, since P is a path. ✷
Lemma 5.6 Let G be a graph in {C7, T10, P10, P13, P14, Q13} with I(D) unmixed. If
(z, y), (y, x) ∈ E(D) with y ∈ V + and ND(x) \ {y} = {x1}, then degD(x1) = 2.
Proof. By contradiction, suppose degD(x1) > 3. Hence, there are z1, z
′
1 ∈ ND(x1) \ {x}.
By hypothesis, degD(x) = 2. Then, by (b) in Remark 5.5, x is not in a 3-cycle. So,
x1 6= z. Furthermore, by (a) in Remark 5.5, G has no 4-cycles. Thus, z /∈ {z′1, z1} and
z1, z
′
1 /∈ ND(y). If z
′
1, z1 ∈ ND(z), then (x1, z
′
1, z, z1, x1) is a 4-cycle. A contradiction,
then we can assume z1 /∈ ND(z). Consequently, {x, z, z1} is a stable set, since x is not
in a 3-cycle. A contradiction, by Lemma 5.3, since I(D) is unmixed. ✷
Lemma 5.7 If I(D) is unmixed, G ∈ {C7, T10, P10, P13, P14, Q13} and e˜ = (y, x) ∈ E(D)
with degD(x) = 2 and y ∈ V +, then G = P10 and e˜ = (di, bj) with {i, j} = {1, 2}.
Proof. By Remark 2.3, there is z ∈ N−D (y). We set ND(x) = {y, x1}, then by (b) in
Remark 5.5, z 6= x1. Thus, by Lemma 5.6, degD(x1) = 2. Now, we set ND(x1) = {x, z1}.
By (b) in Remark 5.5, x is not in a 3-cycle. So, z, z1 /∈ ND(x) and z1 6= y. Also, by (a)
in Remark 5.5, G has no 4-cycles. Then, z1 6= z and z1 /∈ ND(y). If z /∈ ND(z1), then
{x, z, z1} is a stable set. A contradiction, by Lemma 5.3, since I(D) is unmixed. Hence,
{z1, z} ∈ E(G) and C := (z, y, x, x1, z1, z) is a 5-cycle. Suppose y′ ∈ N
−
D (y) \ {z}, then
y′ /∈ ND(z1), since (z1, z, y, y′, z1) is not in a 4-cycle in G. Consequently, {y′, x, z1} is a
stable set, since degD(x) = 2. A contradiction, by Lemma 5.3, since (y
′, y), (y, x) ∈ E(D),
y ∈ V +, ND(x) = {y, x1} and z1 ∈ ND(x1) \N
+
D (y). Hence, N
−
D (y) = {z}. Now, by (c)
in Remark 5.5 and by symmetry of P10 and P13, we can assume {x, x1} = e˜1, C = C1
and G ∈ {P10, P13, Q13}.
First, assume G = P13. By symmetry and notation of Figure 1, we can suppose x1 = a1
and x = a2, since e˜1 = {x, x1}. Then, y = b2, z = c1 and z1 = b1. Thus, (b2, d2) ∈
E(D), since y = b2 and N
−
D (y) = {z} = {c1}. By Figure 1, (c1, b2) = (z, y) ∈ E(D),
(b2, d2) ∈ E(D), b2 = y ∈ V + and ND(d2) = {b2, b4, v}. Also, a4 ∈ ND(b4), d1 ∈ ND(v)\
ND(b2) and {c1, d2, a4, d1} is a stable set. A contradiction, by Lemma 5.3, since I(D)
is unmixed.
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Now, suppose G = Q13. By the symmetry of we can suppose x = a2 and x1 = a1, then
d2 = y ∈ V +, z = h and (h, d2) = (z, y) ∈ E(D). So, (d2, c2) ∈ E(D), since N
−
D (d2) =
N−D (y) = {z} = {h}. A contradiction, by Lemma 5.3, since (h, d2), (d2, c2) ∈ E(D),
d2 ∈ V +, ND(c2) = {d2, b1}, g1 ∈ ND(b1) \N
+
D (d2) and {h, c2, g1} is a stable set.
Hence, G = P10 and {x, x1} = e˜1 = {a1, b1}. If x = a1 and x1 = b1, then g1 = y ∈ V +,
(d1, g1) = (z, y) ∈ E(D), since C = C1. Furthermore, (g1, c1) ∈ E(D), since N
−
D (g1) =
N−D (y) = {z} = {d1}. A contradiction by Lemma 5.3, since (d1, g1), (g1, c1) ∈ E(D),
g1 ∈ V +, ND(c1) = {g1, c2}, g2 ∈ ND(c2) and {d1, c1, g2} is stable. Therefore, x = b1
and x1 = a1, implying y = d2 and (y, x) = (d2, b1), since C = C1. ✷
Remark 5.8 Assume I(D) is unmixed, G ∈ {C7, T10, Q13, P13, P14}, C is a strong vertex
cover of D and y ∈ C ∩ V + such that NG(y) \ C ⊆ V2 := {a ∈ V (G) | degG(a) = 2}. We
take b ∈ NG(y)\C. If (y, b) ∈ E(D), then by Lemma 5.7, G = P10. A contradiction, then
(b, y) ∈ E(D). Consequently, ND(y) \ C ⊆ N
−
D (y), i.e. N
+
D (y) ⊆ C. Hence, y ∈ C \L1(C).
Proposition 5.9 If I(D) is unmixed, with G ∈ {C7, T10, Q13, P13, P14}, then the vertices
of V + are sinks.
Proof. By contradiction, suppose there is (y, x) ∈ E(D) with y ∈ V +. Then, by Lemma
5.7, degD(x) > 3. Thus, G 6= C7. By Remark 2.3, y is not a source. So, there is
(z, y) ∈ E(D). We set V2 := {a ∈ V (G) | degG(a) = 2}. By Theorem 2.12, L3(C˜) = ∅ for
each strong vertex cover C˜ of D, since I(D) is unmixed. Hence, to obtain a contradiction,
we will give a vertex cover C of D such that L3(C) = {x} and y ∈ C \ L1(C), since with
these conditions C is strong. We will use the notation of Figure 1.
Case (1) If D = T10, then x ∈ {c1, c2, c3, v}, since degG(x) > 3.
Case (1.a) x ∈ {c1, c2, c3}. By symmetry of P10, we can assume x = c1 and y ∈ {b1, c2}.
Thus, C1 = {v, a2, a3, b1, c1, c2, c3} is a vertex cover with L3(C1) = {x}. If y = b1, then
y ∈ C1 and z = a1, since ND(b1) = {a1, c1}. So, N
+
D (y) = {c1} ⊆ C1. Now, if y = c2,
then y ∈ C1. Furthermore, by Lemma 5.7, (b2, c2) ∈ E(D), since c2 = y ∈ V +, b2 ∈ V2
and I(D) is unmixed. Consequently, N+D (y) ⊆ {c1, c3} ⊆ C1. Hence, y ∈ C1 \ L1(C1) and
we take C = C1.
Case (1.b) x = v. Then, C2 = {v, a1, a2, a3, c1, c2, c3} is a vertex cover with L3(C2) = {x}.
By symmetry of P10, we can suppose y = a1. Consequently, z = b1 and N
+
D (y) = {v} ⊆
C2, since a1 ∈ V2. Hence, y ∈ C2 \ L1(C2) and we take C = C2.
Case (2) If D = P14, then, by symmetry, we can assume y = a1 and x ∈ {a2, b1}.
Case (2.a) x = a2. Thus, z ∈ {a7, b1}. We take C3 = {a1, a2, a3, a4, a6, b1, b2, b5, b6, b7}
if z = a7 or C3 = {a1, a2, a3, a5, a7, b2, b3, b4, b5, b6} if z = b1. So, C3 is a vertex cover
of D, y ∈ C3 and L3(C3) = {x}. Furthermore, ND(y) \ C3 = {z} and z ∈ N
−
D (y), then
y ∈ C3 \ L1(C3) and we take C = C3.
Case (2.b) x = b1. By symmetry of P14, we can suppose z = a2. Then,
C4 = {a1, a3, a4, a5, a7, b1, b2, b3, b6, b7} is a vertex cover of D with L3(C4) = {x}. Also,
ND(y) = \C4 = {a2} and a2 = z ∈ N
−
D (y). Hence, y ∈ C4 \ L1(C4) and we take C = C4.
Case (3) If D = P13, then we can assume x ∈ {b1, c2, d1}, since degG(x) > 3.
Case (3.a) x = c2. Then, y ∈ ND(c2) = {b3, b4, c1}. Without loss of generality, we can
suppose y ∈ {b3, c1}. If y = c1, then z ∈ {b1, b2}. By symmetry, we can assume z = b1
so N+D (y) = N
+
D (c1) ⊆ {b2, c2}. We take C5 = {a1, a4, b2, b3, b4, c1, c2, d1, v}. Thus, C5
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is a vertex cover of D with L3(C5) = {x}, y ∈ C5 and N
+
D (y) ⊆ {b2, c2} ⊆ C5. Now, if
y = b3, then b3 ∈ V + ∩ C5. Hence, by Lemma 5.7, (a3, b3) ∈ E(D), since a3 ∈ V2 and
I(D) is unmixed. Consequently, N+D (y) ⊆ {c2, d1} ⊂ C5. Therefore, y ∈ C5 \ L1(C5) and
we take C = C5.
Case (3.b) x = b1. Hence, C6 = {a1, a3, b1, b2, b3, b4, c1, d1, d2} is a vertex cover of D
with L3(C6) = {x} and y ∈ ND(b1) = {a1, c1, d1}. Also, y ∈ C6. If y ∈ {a1, d1},
then ND(y) \ C6 ⊆ {a2, v} ⊆ V2. Consequently, by Lemma 5.7, (b, y) ∈ E(D) for each
b ∈ ND(y) \ C6, since y ∈ V +. So, N
+
D ⊆ C6 implying y ∈ C6 \ L1(C6). Now, if y = c1.
We can assume (c2, c1) ∈ E(D), since in another case we have the case (3.a) with x = c2
and y = c1. Thus, y = c1 ∈ C6 \ L1(C6), since N
+
D (c1) ⊆ {b1, b2} ⊂ C6. Therefore, we
take C = C6.
Case (3.c) x = d1. Then, y ∈ NG(d1) = {b1, b3, v}. By symmetry, we can assume
y ∈ {b1, v}. Furthermore, C7 = {a2, a4, b1, b2, b3, b4, c1, d1, v} is a vertex cover of D with
L3(C7) = {x} and y ∈ C7. If y = b1, then ND(y) \ C7 ⊆ {a1}. Also, by Lemma 5.7,
ND(y) \ C7 ⊆ N
−
D (y), since a1 ∈ V2 and y ∈ V
+. Thus, y ∈ C7 \ L1(C7). Now, if
y = v, then z = d2, since ND(v) = {d1, d2}. This implies N
+
D (v) = {d1} ⊆ C7. So,
y ∈ C7 \ L1(C7) and we take C = C7.
Case (4) D = Q13. Hence, x ∈ {d1, d2, g1, g2, h, h
′}, since degD(x) > 3. By symmetry,
we can suppose x ∈ {d2, g2, h, h′}.
Case (4.a) x ∈ {d2, g2}. We take C8 = {a2, c1, c2, d1, d2, g1, g2, h, h′} if x = d2 or C8 =
{a1, b2, c2, d1, d2, g1, g2, h, h′} if x = g2. Thus, C8 is a vertex cover of D with L3(C8) = {x}
and V (G) \ C8 = {a1, b1, b2, v} ∪ {a2, b1, c1, v} ⊆ V2. Consequently, by Lemma 5.7,
ND(y) \ C8 ⊆ N
−
D (y), since y ∈ V
+. This implies N+D (y) ⊆ C8. Therefore y ∈ C8 \L1(C8)
and we take C = C8.
Case (4.b) x ∈ {h, h′}. We take C9 = {a2, b1, b2, d1, d2, g1, g2, h, v} if x = h or C9 =
{a2, c1, c2, d1, d2, g1, g2, h
′, v} if x = h′. Thus, C9 is a vertex cover ofD with L3(C9) = {x}.
Also, y ∈ NG(x) ⊆ {v, d1, d2, g1, g2}. If y = v, then {x, z} ⊆ ND(y) = {h, h′}. Hence,
N+D (y) = {x} ⊆ C9, then y ∈ C9 \ L1(C9). Now, if y 6= v, then y ∈ {d1, d2} when
x = h or y ∈ {g1, g2} when x = h′. Then, ND(y) \ C9 ⊆ {a1, c1, c2} ⊆ V2 if x = h or
ND(y) \ C9 ⊆ {b1, b2} ⊆ V2 if x = h′. Consequently, by Lemma 5.7, ND(y) \ C9 ⊆ N
−
D (y),
since y ∈ V +. Thus, N+D (y) ⊆ C9 and y ∈ C9 \ L1(C9). Therefore, we take C = C9. ✷
Theorem 5.10 Let D = (G,O, w) be a connected weighted oriented graph without 4-
and 5-cycles. Hence, I(D) is unmixed if and only if D satisfies one of the following
conditions:
(a) G ∈ {C7, T10} and the vertices of V
+ are sinks.
(b) Each vertex is in exactly one simplex of D and each simplex of D has no generating
⋆-semi-forests.
Proof. ⇒) By (3) in Theorem 2.12 and Remark 2.17, G is well-covered. Thus, by Theorem
2.28, G ∈ {C7, T10} or {V (H) | H ∈ SG} is a partition of V (G). If G ∈ {C7, T10}, then
by Proposition 5.9, D satisfies (a). Now, if {V (H) | H ∈ SG} is a partition of V (G),
then G is an SCQ graph with CG = QG = ∅. Hence, by Theorem 4.8, D satisfies (b).
⇐) IfD satisfies (a), then by Theorem 2.28, G is well-covered. Consequently, by Corollary
5.2, I(D) is unmixed. Now, if D satisfies (b), then G is an SCQ graph, with CG = QG =
∅. Therefore, by (b) and Theorem 4.8, I(D) is unmixed. ✷
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Corollary 5.11 Let D be a weighted oriented graph without isolated vertices and
girth(G) > 6. Hence, I(D) is unmixed if and only if D satisfies one of following proper-
ties:
(a) G = C7 and the vertices of V
+ are sinks.
(b) G has a perfect matching e1 = {x1, x′1}, . . . , er = {xr, x
′
r} where degD(x
′
1) = · · · =
degD(x
′
r) = 1 and (x
′
j , xj) ∈ E(D) if xj ∈ V
+.
Proof. ⇐) If D satisfies (a), then I(D) is unmixed by (a) in Theorem 5.10. Now,
assume D satisfies (b). Assume b′ ∈ N+D (a) with a ∈ V
+ such that {b, b′} = ej =
{xj , x
′
j} for some 1 6 j 6 r. If b
′ = x′j , then xj = a ∈ V
+, since degD(x
′
j) = 1. So,
x′j = b
′ ∈ N+D (a) = N
+
D (xj). But by hypothesis, (x
′
j , xj) ∈ E(D), since xj ∈ V
+. A
contradiction, then b′ = xj . Thus, b = x
′
j implies ND(b) = {xj} = {b
′} ⊆ N+D (a). Hence,
by Proposition 4.1, |C ∩ ej| = 1 where C is a strong vertex cover. So, |C| = r. Therefore,
by (2) in Theorem 2.12, I(D) is unmixed.
⇒) G 6= T10, since T10 has 3-cycles. Hence, by Theorem 5.10, D satisfies (a) or {V (H) |
H ∈ SG} is a partition of V (G). Furthermore, SG ⊆ E(G), since G has not isolated
vertices and girth(G) > 6. Thus, we can assume SG = {e1, . . . , er} where ei = {xi, x′i}
and degD(x
′
i) = 1 for i = 1, . . . , s. Also, by Theorem 5.10, each ei has no generating
⋆-semi-forests. So, by Theorem 3.10, ei 6⊆ C for each strong vertex cover C. Consequently,
|ei ∩ C| = 1, since C is a vertex cover. Then, ei satisfies (2) of Proposition 4.1. Now,
suppose (xj , x
′
j) ∈ E(D) and xj ∈ V
+. We take a = b = xj and b
′ = x′j , then by (2)
of Proposition 4.1, ND(xj) = ND(b) ⊆ N
+
D (a) = N
+
D (xj). Hence, xj is a source. A
contradiction, by Remark 2.3, since xj ∈ V +. Therefore, D satisfies (b). ✷
Proposition 5.12 If G = P10, then the following properties are equivalent:
(1) I(D) is unmixed.
(2) If y ∈ V + and y is not a sink, then y = d1 with N
+
D (y) = {g1, b2} or y = d2 with
N+D (y) = {g2, b1}.
Proof. (2) ⇒ (1) Let C be a strong vertex cover of D. Suppose x ∈ L3(C). Then,
there is y ∈
(
C \ L1(C)
)
∩ V + such that x ∈ N+D (y). Thus, by (2), y ∈ {d1, d2} and
x ∈ N+D (y) ⊆ {b1, b2, g1, g2}. Hence, L3(C) ⊆ {b1, b2, g1, g2}. By symmetry of P10, we
can assume y = d1. Then by (2), x ∈ N
+
D (y) = {g1, b2}. Also, {g1, d1, b2} = N
+
D [y] ⊆ C,
since y ∈ C \L1(C). But y = d1 /∈ L3(C), then ND(y) 6⊆ C. Thus, d2 /∈ C. So, by Remark
2.8, {b1, d1, g2} = ND(d2) ⊆ C. Furthermore, {a1, a2} ∩ L3(C) = ∅, since L3(C) ⊆
{b1, b2, g1, g2}. Consequently, {a1, a2} ∩ C = ∅, since ND(a1, a2) = {g1, b1, g2, b2} ⊆
C. But, x ∈ {g1, b2} ∩ L3(C), then a1 ∈ ND(g1) ⊆ C or a2 ∈ ND(b2) ⊆ C. Hence,
{a1, a2} ∩ C 6= ∅. A contradiction, then L3(C) = ∅. Also, by Theorem 2.28 and Remark
2.17, I(G) is unmixed. Therefore, by (3) in Theorem 2.12, I(D) is unmixed.
(1) ⇒ (2) We take V2 := {a ∈ V (G) | degG(a) = 2} and y ∈ V +, such that y is not a
sink, then there is (y, x) ∈ E(D). Also, by Remark 2.3, there is z ∈ N−D (y). We will
prove y ∈ {d1, d2}. If degD(x) = 2, then by Lemma 5.7, y ∈ {d1, d2}. Now, we assume
degD(x) > 3, then by symmetry of P10, we can suppose x ∈ {g1, d1}.
First suppose x = g1. Thus, y ∈ ND(g1) = {a1, c1, d1}. If y ∈ {a1, c1}, then degD(y) = 2
and y ∈ C1 = {a1, a2, c1, d1, d2, g1, g2} is a vertex cover of D with L3(C1) = {x}. Hence,
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ND(y) = {x, z} implies N
+
D (y) = {x} = {g1} ⊆ C1. Consequently, y ∈ C1 \ L1(C1).
Hence, C1 is strong, since L3(C1) = {x}. A contradiction, by Theorem 2.12, then y = d1.
Now, suppose x = d1. Then, C2 = {a1, b2, c2, d1, d2, g1, g2} is a vertex cover of D with
L3(C2) = {x}. Also, y ∈ ND(x) = {g1, b2, d2}. If y ∈ {g1, b2}, then ND(y) \ {d1} ⊆
ND(g1, b2)\{d1} = {a1, a2, c1} ⊆ V2. Hence, by Lemma 5.7, ND(y)\{d1} ⊆ N
−
D (y), since
y /∈ {b1, b2}. Thus, N
+
D (y) = {d1} = {x} ⊆ C2 implying y ∈ C2 \ L1(C2). Consequently,
C2 is strong with L3(C2) 6= ∅. A contradiction, by Theorem 2.12, then y = d2.
Therefore y ∈ {d1, d2}. By symmetry of P10, we can assume y = d1. Now, we will prove
N+D (y) = {g1, b2}. By contradiction, in each one of the following cases, we give a strong
vertex cover C′ with L3(C′) 6= ∅, since I(D) is unmixed and z ∈ N
−
D (y).
Case (1) g1 /∈ N
+
D (d1) and b2 ∈ N
+
D (d1). So, N
+
D(d1) ⊆ {b2, d2} and C
′
1 =
{a1, a2, b2, c1, c2, d1, d2} is a vertex cover of D with L3(C′1) = {b2}. Also, (d1, b2) ∈ E(D)
and y = d1 ∈
(
C′1 \ L1(C
′
1)
)
∩ V +, since b2 ∈ N
+
D [d1] ⊆ {d1, b2, d2} ⊂ C
′
1. Hence, C
′
1 is a
strong vertex cover of D.
Case (2) b2 /∈ N
+
D (d1) and g1 ∈ N
+
D (d1). Then, N
+
D (d1) ⊆ {g1, d2} and C
′
2 =
{a1, a2, c1, d1, d2, g1, g2} is a vertex cover ofD with L3(C′2) = {g1}. Furthermore (d1, g1) ∈
E(D) and d1 = y ∈
(
C′2 \L1(C
′
2)
)
∩ V +, since g1 ∈ N
+
D [d1] ⊆ {d1, g1, d2} ⊂ C
′
2. Hence, C
′
2
is a strong vertex cover of D.
Case (3) b2, g1 /∈ N
+
D (d1). Thus, z = d1, N
+
D (d1) = {d2} and C
′
3 =
{a2, b1, c1, d1, d2, g1, g2} is a vertex cover of D with L6(C′3) = {d2}. Also, (d1, d2) ∈ E(D)
and d1 = y ∈
(
C′3 \ L1(C
′
3)
)
∩ V +, since N+D [d1] = {d1, d2} ⊂ C
′
3. Hence, C
′
3 is a strong
vertex cover of D. ✷
Theorem 5.13 Let D = (G,O, w) be a connected weighted oriented graph, with
girth(G) > 5. Hence, I(D) is unmixed if and only if D satisfies one of the following
properties:
(a) G ∈ {K1, C7, Q13, P13, P14} and the vertices of V + are sinks.
(b) G = P10, furthermore if y is not a sink in V
+, then y = d1 with N
+
D(y) = {g1, b2}
or y = d2 with N
+
D (y) = {g2, b1}.
(c) Each vertex is in exactly one simplex of G or in exactly one basic 5-cycle of G.
Furthermore, each simplex of D has not a generating ⋆-semi-forest and each basic
5-cycle of D has the ⋆-property.
Proof. ⇒) By (3) in Theorem 2.12 and Remark 2.17, G is well-covered. By Theorem
2.30, G ∈ {K1, C7, P10, P13, P14, Q13} or {V (H) | H ∈ SG ∪ CG} is a partition of V (G).
If {V (H) | H ∈ SG ∪CG} is a partition of V (G), then G is an SCQ graph with QG = ∅.
Hence, by Theorem 4.8, D satisfies (c). Now, if G = P10, then by Proposition 5.12, D
satisfies (b). Furthermore, if G ∈ {C7, Q13, P13, P14}, then by Proposition 5.9, D satisfies
(a). Finally, if G = K1, then by Remark 2.3, V
+ = ∅.
⇐) If D satisfies (b), then by Proposition 5.12, I(D) is unmixed. Now, if D satisfies
(c), then G is an SCQ graph with QG = ∅. Consequently, by Theorem 4.8, I(D) is
unmixed. Finally, if D satisfies (a), then by Theorem 2.30, G is well-covered. Therefore,
by Corollary 5.2, I(D) is unmixed. ✷
Remark 5.14 A graph is well-covered if and only if each connected component is well-
covered. Hence, when D is no connected in Theorem 5.10 (resp. 5.13), I(D) is unmixed
if and only if each connected component of D satisfies (a) or (b) (resp. (a), (b) or (c)).
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6 Examples
Example 6.1 Let D1 be the following weighted oriented graph.
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We take the weighted oriented
subgraph K of D1 induced by
V (D1) \ {w1, w2, w4, w5}. In
the following figure, T1, . . . , T5
are the ROT’s and B1 is the
unicycle oriented subgraph such
that the parent of Ti is vi and
WTi = {wi} for i = 1, . . . , 5.
Furthermore, H = ∪5i=1 Ti ∪B1
is a ⋆-semi-forest with WH1 =
{w1, w5} WH2 = {w2, w4} and
V (H) = V (K). Therefore, H
is a generating ⋆-semi-forest of
K.
Example 6.2 Let D2 be an oriented weighted graph such as the Figure. Let K
4 = H =
D2[x1, x2, x3] be an induced weighted oriented subgraph ofD2 andH a generating ⋆-semi-
forest of K4 with H˜ = H = {x1, x2, x3} ⊆ V + and W1 = W2 = ∅. Then, by Theorem
3.10, there is a strong vertex cover C of D2, such that V (K4) ⊆ C. For this purpose, first
we take a minimal vertex cover Ci of D and define C′i = (Ci\W1)∪ND(W1)∪N
+
D (W2∪H˜).
Finally, we use the algorithm in the proof of the Proposition 3.1.
In this example, C′i = Ci ∪N
+
D (H˜) = Ci ∪N
+
D ({x1, x2, x3}) = Ci ∪ {x1, x2, x3, y1, y2}.
z1 z2
z3
y1
x1
w > 1
y2
x2
w > 1
y3
x3 w > 1
H
• If we take C1 = {x1, x2, y1, y2, y3} as a minimal
vertex cover of D2, then C′1 = {x1, x2, x3, y1, y2, y3}
and L3(C′1)\N
+
D(H˜) = ∅. Thus, by Proposition 3.1,
C = C′1 = {x1, x2, x3, y1, y2, y3} is a strong vertex
cover such that V (K4) ⊆ C and it is no minimal.
Furthermore, in this case it is enough to know the
orientation of E(K4), since L3(C) = {x1, x2, x3}
and ND2(xi) ⊆ C for i = 1, 2, 3.
• Now, if we take C2 = {x1, x2, x3, z1, z2, z3} as a
minimal vertex cover of D2, then C′2 = V (D2) \
{y3} and L3(C′2) \ N
+
D (H˜) = {z1, z2}. Thus, by
the algorithm in the proof of Proposition 3.1, C′ =
C′4 = {x1, x2, x3, y1, y2, z3} is a strong vertex cover
such that V (K4) ⊆ C′.
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Since C and C′ are no minimal with L3(C) = {x1, x2, x3} and L3(C′) = {x1, x2}, then D2
is mixed. Furthermore, V (D2) has a partition in complete graphs: K
i = D2[yi, zi] for
i = 1, 2, 3 and K4 = D2[x1, x2, x3] .
Example 6.3 Let D3 = (G,O, w) be the following oriented graph. Hence,
w > 1
b′
d′1
b
d′2
1
c
d1
w > 1
w > 1
a
d2
w > 1
a′
1 • G has no 3- and 4-cycles.
• The basic 5-cycle C = (a′, a, b, b′, c, a′) satisfies the
⋆-property.
• D3[{d1, d′1}] has not a generating ⋆-semi-forest.
But T1 = e˜ = (d2, d
′
2) is a ROT with parent
v1 = d2 and W = W2 = {w1 = a}. Furthermore,
H = T1 is a ⋆-semi-forest with V (H) = V (K),
where K := D3[{d2, d′2}]. Therefore, H is a gene-
rating ⋆-semi-forest of K and I(D3) is mixed.
Example 6.4 Let D4 = (G,O, w) be the following oriented weighted graph. Hence,
w > 1
d
1
1
1
1
1
1
11
1
• G = P10, then by Theorem 2.30 and Remark 2.17, G is
well-covered and I(G) is unmixed.
• d is not a sink and d ∈ V +.
• By Proposition 5.12, I(D4) is unmixed.
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